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Abstract
We construct a non-Abelian gauge theory of chiral 2-forms (self-dual gauge fields)
in 6 dimensions with a spatial direction compactified on a circle of radius R. It has
the following two properties. (1) It reduces to the Yang-Mills theory in 5 dimensions
for small R. (2) It is equivalent to the Lorentz-invariant theory of Abelian chiral
2-forms when the gauge group is Abelian. Previous no-go theorems prohibiting non-
Abelian deformations of the chiral 2-form gauge theory are circumvented by introducing
nonlocality along the compactified dimension.
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1 Introduction
The generalization of Abelian gauge theories with 1-form potentials to higher form potentials
is straightforward. For a p-form potential A(p), we define its gauge transformation by
δA(p) = dΛ(p−1), (1)
where the gauge transformation parameter Λ(p−1) is a (p − 1)-form, and the field strength
defined by
F (p+1) = dA(p) (2)
is an invariant (p+1)-form. However, the generalization of higher form potentials A(p) (p > 1)
to non-Abelian gauge theories have been a tough challenge to both theoretical physicists and
mathematicians.
In this paper we attack this problem for the case p = 2, with the goal of describing the
system of multiple M5-branes. The multiple M5-brane system has been the most challenging
and mysterious brane system in string theory and M theory [1]. (For a review of M theory
branes, see [2].) The salient nature of the M5-brane theory is that it contains a self-dual gauge
field (also called a chiral 2-form potential). Some believed that a Lagrangian formulation
for the self-dual gauge theory was impossible, because the self-duality condition imposes
first order differential equations on the gauge potentials, while an ordinary kinetic term
(∂µBνλ)(∂
µBνλ) always leads to a 2nd order differential equation. It turns out that the trick
is to avoid using some of the components of the gauge potential, so that even though we get
2nd order differential equations from varying the action, the self-duality condition appears
only after integrating once the equations of motion. Those components which do not appear
in the action appear as integration “contants”. 4 Hence the Lagrangian for a single M5-brane
was first constructed without manifest Lorentz symmetry, and a Lorentz-covariant version
is possible only by introducing an auxiliary field [4, 5].
The gauge symmetry for a single M5-brane in the trivial background is Abelian. The
first non-Abelian gauge theory for self-dual 2-form potentials was found for an M5-brane
in a large C-field background [6]. A double dimension reduction of this M5-brane theory,
called NP M5-brane theory, 5 is in agreement to the lowest order with the noncommutative
D4-brane action in large NS-NS B field background [6]. If the NP M5-brane theory can
be deformed such that it agrees with the noncommutative D4-brane theory to all orders, it
would resemble the multiple M5-brane theory. However, it turns out that it is extremely
4 This trick was later generalized in [3] so that for a given spacetime dimension D, one can write down a
Lagrangian for the self-dual gauge field for an arbitrary division of D into two positive integers D′ and D′′
(D′ +D′′ = D). We refer to it as the (D′ +D′′)-formulation of the self-dual gauge theory.
5 “NP” stands for “Nambu-Poisson”. A Nambu-Poisson structure is used to define the non-Abelian gauge
symmetry for the 2-form potential on the M5-brane. The physical origin of the Nambu-Structure is the
coupling of open membranes to the C-field background [7] The NP M5-brane theory was first derived from
the BLG model [8]. Its gauge field content was further explored in [9, 10]. For a brief review, see [11].
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hard to deform the NP M5-brane theory [12]. We conclude that it takes brand new ideas to
construct the multiple M5-brane theory.
In the literature, there has been various attempts to construct a non-Abelian gauge theory
for a 2-form potential B taking values in a Lie algebra, and the corresponding geometrical
structures are called “non-abelian gerbes". The immediate problem to construct such a model
is that we need to define covariant derivatives Dµ, which need to be specified by a 1-form
potential A. For example, in [13], the gauge transformations of A and B are defined by
A′ = gAg−1 + gdg−1 + Λ, (3)
B′ = gBg−1 + [A′,Λ]
∧
+ dΛ + Λ ∧ Λ, (4)
where g ∈ G is the gauge parameter and Λ ∈ g is a 1-form. Mathematically such gauge
transformations are well-defined, and suitable to describe some system such as the non-
Abelian generalization of the BF model [14]. It is, however, not clear if it is relevant to
describe multiple M5. Physically, the introduction of A increases the physical degrees of
freedom of the system. For the M5-brane system, there is no physical degree of freedom
corresponding to A. Furthermore, with the addition of A, the field B is not a genuine 2-form
potential in the sense that we can gauge away A by Λ, and then B is not independent of its
longitudinal components. The result is similar to spontaneous symmetry breaking.
An independent attempt to construct non-Abelian 2-form gauge theory is to define it on
the loop space [15]. This approach introduces infinitely many more degrees of freedom to the
usual Abelian chiral gauge theory even in the Abelian limit. Instead, our goal is to have a
non-Abelian gauge symmetry which includes the Abelian theory as the special case when the
Lie algebra involved is Abelian. This criterium is not matched by any existing construction
in the literature.
While a consistent algebra of non-Abelian gauge transformations for a higher form gauge
theory is already difficult to get, an action for a chiral gauge boson is even more difficult.
Assuming the existence of an action and gauge transformation algebra, a no-go theorem [16]
states that there is no nontrivial deformation of the Abelian 2-form gauge theory. One of their
assumptions was locality for the action and the gauge transformation laws. In particular,
Lorentz symmetry was not assumed.
The non-existence of the local action for multiple M5-branes was argued in another way
by Witten [17]. The M5-brane system is known to have conformal symmetry, which implies
that upon double dimension reduction, the 4+1 dimensional action should be proportional
to ∫
d5x
1
R
. (5)
On the other hand, the reduction of a 5+1 dimensional local action on a circle should give∫
d6x =
∫
d5x 2πR, (6)
which has the opposite dependence on R. As long as we assume a Lorentz-covariant formula-
tion for M5-branes without explicit reference to the compactifiation radius R except through
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the measure of integration, this gives a strong argument against the Lagrangian formulation
of multiple M5.
Recently there are proposals [18, 19] claiming that the multiple M5-brane system com-
pactified on a circle of finite radius R is described by the U(N) super Yang-Mills theory for
N D4-branes even before taking the small R limit. This would be a duality between two
theories in 5 and 6 dimensions, respectively, but it can not be viewed as an example of the
holographic principle of quantum gravity, because there is no gravitational force in these
theories. Their proposal, if correct, would be revolutionary. However we will point out its
difficulties in Sec. 5.2.
These developments suggest that it is already a tremendous progress to have a theory for
multiple M5-branes compactified on a circle of finite radius R, if the following two criteria
are satisfied:
1. In the limit R→ 0, the theory should be approximated by the gauge field sector of the
multiple D4-brane theory, which is U(N) Yang-Mills theory in 5 dimensions.
2. When the Lie algebra of the gauge symmetry is Abelian, the theory reduces to N copies
of the theory of 6 dimensional Abelian self-dual gauge field.
In view of the no-go theorem [16], the absence of 6 dimensional Lorentz symmetry due to
compactification of the 5-th direction does not necessarily make the task much easier. On
the other hand, the 2nd criterium ensures the 6 dimensional Lorentz symmetry in the broken
phase in the limit R→∞. In the following we will construct an interacting theory satisfying
both criteria. The cost we have to pay to meet these criteria is a nonlocal treatment of the
compactified dimension, as we will see in the following sections. Such a description may
seem exotic, but it might be justified in view of the special role played by the compactified
direction in defining M-theory as the strong coupling limit of type IIA string theory.
We organize this paper as follows. In section 2, we define the non-Abelian gauge trans-
formation for an anti-symmetric two-form. A characteristic feature is to introduce separate
treatments for zero-mode and non-zero mode (KK mode) in the compactified direction. In
section 3, after a brief review of Lagrangian formulation of self-dual two-form, we explain
how to modify the equation of motion to include the non-Abelian gauge symmetry. In section
4, we proposes an action which produces the equation of motion. We also describe how D4
brane action can be derived in the small radius limit. Finally in section 5, we discuss some
related issues such as the recovery of Lorentz symmetry in large R limit and comparison
with the D4-brane approach.
3
2 Gauge Symmetry
2.1 Gauge Transformations
As explained above, here we consider the case where the world volume of M5 isR5×S1 where
S1 is a circle of radius R with a coordinate x5 ∼ x5 + 2πR. We will use the notation that
the superscript “(0)” represents zero modes and “(KK)” represents Kaluza-Klein (non-zero)
modes. For an arbitrary field Φ, we have the decomposition
Φ = Φ(0) + Φ(KK). (7)
Obviously,
∂5Φ
(0) = 0, ∂5Φ = ∂5Φ
(KK). (8)
We can define a non-local operator ∂−15 on the space of KK modes, so that, for instance,
∂−15 Φ
(KK) is well defined.
After a lot of trial and error, we find a consistent non-Abelian generalization of the gauge
transformation for a 2-form gauge potential Bµν as
δBi5 = [Di,Λ5]− ∂5Λi + g[B
(KK)
i5 ,Λ
(0)
5 ], (9)
δBij = [Di,Λj]− [Dj ,Λi] + g[Bij,Λ
(0)
5 ]− g[Fij, ∂
−1
5 Λ
(KK)
5 ], (10)
where i, j = 0, 1, 2, 3, 4. The covariant derivative is defined in terms of the zero-mode:
Di ≡ ∂i + gB
(0)
i5 . (11)
The parameter g is the coupling constant for the 2-form gauge interaction. The field strength
is
Fij ≡ g
−1[Di, Dj] = ∂iB
(0)
j5 − ∂jB
(0)
i5 + g[B
(0)
i5 , B
(0)
j5 ]. (12)
Eqs. (9) and (10) can be decomposed into their zero modes and KK modes as
δB
(0)
i5 = [Di,Λ
(0)
5 ], (13)
δB
(KK)
i5 = [Di,Λ
(KK)
5 ]− ∂5Λ
(KK)
i + g[B
(KK)
i5 ,Λ
(0)
5 ], (14)
δB
(0)
ij = [Di,Λ
(0)
j ]− [Dj ,Λ
(0)
i ] + g[B
(0)
ij ,Λ
(0)
5 ], (15)
δB
(KK)
ij = [Di,Λ
(KK)
j ]− [Dj ,Λ
(KK)
i ] + g[B
(KK)
ij ,Λ
(0)
5 ]− g[Fij, ∂
−1
5 Λ
(KK)
5 ]. (16)
All quantities Bi5, Bij,Λi,Λ5 take values in a Lie algebra h. The last term in (10) (or (16)) is
the only explicit nonlocality in these expressions. But in fact there is additional nonlocality
introduced by how the gauge transformations are defined separately for the zero modes and
KK modes.
If h is abelian, the transformations (9) and (10) are equivalent to the conventional gauge
transformation of two-form gauge potential. For our non-abelian generalization, the gauge
transformation laws explicitly distinguish the zero modes from the KK modes and we treat
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them as if they are independent fields. All the commutators involve at most one KK mode.
There is no term of the form [B(KK),Λ(KK)] in the transformation laws. Some of the physical
meanings of these peculiar features will be explained in Sec. 5.
Because of these choices, the gauge transformations (13, 15) are closed by zero-mode
fields/gauge parameters. While they resemble the gauge transformation of non-abelian gerbe
(3, 4) if one replaces B
(0)
i5 by Ai, these are different since the Λ term in (3) and the nonlinear
term in (4) are absent in (13). In a sense, the transformation by the vector gauge parameter
Λ
(0)
i is abelian (no Λ
2 term) and the noncommutativity comes in through the transformation
by Λ
(0)
5 . Our choice is more useful to realize the self-dual field after the transformations of
KK modes (14, 16) are included.
There are 6 gauge transformation parameters Λi,Λ5, but only 5 of the KK modes are inde-
pendent because the gauge transformation parameters are defined up to the transformation
δΛ
(KK)
i = [Di, λ
(KK)], δΛ
(KK)
5 = ∂5λ
(KK). (17)
This “gauge symmetry of gauge symmetry” is crucial for the gauge symmetry to be justified
as a deformation of the Abelain gauge symmetry. We can use this redundancy to “gauge
away” Λ
(KK)
5 . That is, the gauge transformation rules (9, 10) are equivalent to
δBi5 = −∂5Λ
′
i + g[Bi5,Λ
(0)
5 ], (18)
δBij = [Di,Λ
′
j]− [Dj ,Λ
′
i] + g[Bij ,Λ
(0)
5 ], (19)
where
Λ′i ≡ Λi − [Di, ∂
−1
5 Λ
(KK)
5 ]. (20)
However, the zero mode Λ
(0)
5 can not be gauged away. Note that the only nonlocal term
in the gauge transformation (the last term in (10)) is gauged away through this change of
variables.
The 3-form field strengths are defined as
H
(0)
ij5 ≡ Fij ≡ g
−1[Di, Dj], (21)
H
(KK)
ij5 ≡ [Di, B
(KK)
j5 ]− [Dj, B
(KK)
i5 ] + ∂5Bij, (22)
H
(0)
ijk ≡ [Di, B
(0)
jk ] + [Dj, B
(0)
ki ] + [Dk, B
(0)
ij ], (23)
H
(KK)
ijk ≡ [Di, B
(KK)
jk ] + [Dj , B
(KK)
ki ] + [Dk, B
(KK)
ij ]
+g[Fij, ∂
−1
5 B
(KK)
k5 ] + g[Fjk, ∂
−1
5 B
(KK)
i5 ] + g[Fki, ∂
−1
5 B
(KK)
j5 ]. (24)
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They satisfy the generalized Jacobi identities
∑
(3)
[Di, H
(0)
jk5] = 0, (25)
∑
(3)
[Di, H
(KK)
jk5 ] = ∂5H
(KK)
ijk , (26)
∑
(4)
[Di, H
(0)
jkl] = 0, (27)
∑
(4)
[Di, H
(KK)
jkl ] = g
∑
(6)
[H
(0)
ij5 , ∂
−1
5 H
(KK)
kl5 ], (28)
where
∑
(n) represents a sum over n terms that totally antisymmetrizes all the indices. The
field strength transforms as
δH
(0)
ij5 = g[H
(0)
ij5 ,Λ
(0)
5 ], (29)
δH
(KK)
ij5 = g[H
(KK)
ij5 ,Λ
(0)
5 ], (30)
δH
(0)
ijk = g[H
(0)
ijk,Λ
(0)
5 ] + g[H
(0)
ij5 ,Λ
(0)
k ] + g[H
(0)
jk5,Λ
(0)
i ] + g[H
(0)
ki5,Λ
(0)
j ], (31)
δH
(KK)
ijk = g[H
(KK)
ijk ,Λ
(0)
5 ]. (32)
The components B
(KK)
i5 can be gauged away using the gauge transformations parametrized
by Λ
(KK)
i . In this gauge, B
(KK)
i5 = 0, we have H
(KK)
ij5 = ∂5B
(KK)
ij . This motivates us to define
Bˆ
(KK)
ij ≡ ∂
−1
5 H
(KK)
ij5 , (33)
which transforms covariantly as
δBˆ
(KK)
ij = g[Bˆ
(KK)
ij ,Λ
(0)
5 ], (34)
and then (22) and (24) are equivalent to
H
(KK)
ij5 ≡ ∂5Bˆ
(KK)
ij , (35)
H
(KK)
ijk ≡ [Di, Bˆ
(KK)
jk ] + [Dj , Bˆ
(KK)
ki ] + [Dk, Bˆ
(KK)
ij ]. (36)
The algebra of gauge transformations is closed and given by
[δ, δ′] = δ′′, (37)
with
Λ′′5
(0) = g[Λ
(0)
5 ,Λ
′
5
(0)], (38)
Λ′′5
(KK) = g[Λ
(0)
5 ,Λ
′
5
(KK)]− g[Λ′5
(0),Λ
(KK)
5 ], (39)
Λ′′i = g[Λ
(0)
5 ,Λ
′
i]− g[Λ
′
5
(0),Λi]. (40)
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2.2 Coupling to Antisymmetric Tensors
Apart from the application to multiple M5-branes, let us also consider applications to non-
Abelian 2-form gauge theories which are not self dual. A potential problem is that the
transformation of H
(0)
ijk (31) is different from the usual covariant form like other components
of H . If we couple other tensor fields to the gauge field, they will have to transform in a
similar way. A straightforward generalization of the transformation laws for H leads to the
definition of gauge transformations of a totally antisymmetrized tensor field φµ1···µn (n ≤ 6),
which can be decomposed into a multiplet (φ
(0)
i1···in−15
, φ
(KK)
i1···in−15
, φ
(0)
i1···in
, φ
(KK)
i1···in
), to be
δφ
(0)
i1···in−15
= g[φ
(0)
i1···in−15
,Λ
(0)
5 ], (41)
δφ
(KK)
i1···in−15
= g[φ
(KK)
i1···in−15
,Λ
(0)
5 ], (42)
δφ
(0)
i1···in
= g[φ
(0)
i1···in
,Λ
(0)
5 ] + g
∑
(n)
[φ
(0)
i1···in−15
,Λ
(0)
in
], (43)
δφ
(KK)
i1···in
= g[φ
(KK)
i1···in
,Λ
(0)
5 ], (44)
where
∑
(n) represents a sum of n terms that totally antisymmetrizes all indices.
The transformation law (43) for the component φ
(0)
i1···in
is different from all other compo-
nents. It is defined to mimic the gauge transformation of H
(0)
ijk . We should check whether this
complication will prevent us from constructing a gauge field theory. First, products of these
fields φ
(0)
i1···in
will also transform in the form of (43) when all indices are antisymmetrized on
the products. Secondly, the action of Di on φ
(0)
i1···in
does not transform covariantly, but we
can define a covariant exterior derivative for φ
(0)
i1···in
as
(Dφ)
(0)
i1···in+1
≡
∑
(n+1)
[Di1 , φ
(0)
i2···in+1
]− (−1)n
∑
((n+1)n/2)
[B
(0)
i1i2
, φ
(0)
i3···in+15
]. (45)
(This expression is nontrivial only if n ≤ 5.) This covariant exterior derivative is indeed
covariant, that is,
δ(Dφ)
(0)
i1···in+1
= g[(Dφ)
(0)
i1···in+1
,Λ
(0)
5 ] + g
∑
(n+1)
[(Dφ)
(0)
i1···in5
,Λ
(0)
in+1
], (46)
where the exterior derivative of φi1···in−15 is defined by
(Dφ)
(0)
i1···in5
= g
∑
(n)
[Di1 , φ
(0)
i2···in5
]. (47)
It seems possible to down covariant equations of motion using exterior derivatives and totally
antisymmetrized tensors.
The real problem with the transformation law (43) lies in the definition of an invariant
action. For example, to define a Yang-Mills like theory, the Lagrangian should look like
1
6
Tr(H
(0)
ijkH
(0)ijk + 3H
(0)
ij5H
(0)ij5 +H
(KK)
ijk H
(KK)ijk + 3H
(KK)
ij5 H
(KK)ij5). (48)
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Only the first term is not gauge invariant. It is not clear how to modify the action to make
it invariant. Similarly it is hard to define the usual kinetic term for the components φ
(0)
i1···in
of a matter field.
In the following we will see that in a Lagrangian formulation of the non-Abelian self-dual
gauge theory in 6 dimensions, we do not have to use the variables B
(0)
ij explicitly, so the
anomalous covariant transformation law of H
(0)
ijk (31) will never be used. In fact we can
simply define H
(0)
ijk to be the Hodge dual of Fij, so that its gauge transformation is the same
as other components. As a result the covariant transformation laws for matter fields can be
uniformly defined as
δΦ = g[Φ,Λ
(0)
5 ] (49)
for all components of a matter field.
3 Non-Abelianizing the Abelian Theory
The linearized Lorentz-covariant action for an Abelian chiral 2-form potential is [4, 9]
S =
1
4!
TM5T
−2
M2
∫
d6x
[
3
(∂ρa∂ρa)
∂µa(H − H˜)µλσ(H − H˜)
νλσ∂νa−HµνλH
µνλ
]
, (50)
where
Hµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν , (51)
H˜ is the Hodge dual of H and a is an auxiliary field. In addition to the usual gauge symmetry
for a 2-form potential
δBµν = ∂µΛν − ∂νΛµ, (52)
it is invariant under two gauge transformations
δBµν = (∂µa)Φν(x)− (∂νa)Φµ(x), δa = 0, (53)
and
δBµν =
ϕ(x)
(∂a)2
(H − H˜)µνρ∂
ρa, δa = ϕ(x). (54)
Using the gauge symmetry (54), one can impose the gauge fixing condition
a = x5, (55)
so that the action becomes
S =
1
4
TM5T
−2
M2
∫
d6x
(
1
6
ǫijklmHijk
[
Hlm5 +
1
6
ǫlmnpqH
npq
])
. (56)
The 6 dimensional Lorentz symmetry is still preserved but with a modified transformation
law for a boost parametrized by vk as
δBij = x
5vk∂
kBij − x
kvk∂
5Bij − x
kvk(H − H˜)ij5. (57)
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The gauge transformation (53) reduces in this gauge to
δBi5 = Φi. (58)
Now we consider the compactification of the Abelian theory on a circle of radius R along
x5. All fields can be decomposed into their zero modes and KK modes, and the action
becomes
S = S(0) + S(KK), (59)
where
S(0) =
2πR
12
TM5T
−2
M2
∫
d5x H
(0)
ijkH
(0)ijk, (60)
S(KK) =
1
4
TM5T
−2
M2
∫
d6x
(
1
6
ǫijklmH
(KK)
ijk
[
H
(KK)
lm5 +
1
6
ǫlmnpqH
(KK)npq
])
. (61)
The zero modes B
(0)
ij are 5 dimensional 2-form potential, and we can carry out the standard
procedure of electric-magnetic duality for S(0) to get an action for the dual 1-form potential
S
(0)
dual =
2πR
4
TM5T
−2
M2
∫
d5x FijF
ij , (62)
where Fij = H
(0)
ij5 is the field strength of the dual 1-form potential B
(0)
i5 .
Let us check that the equations of motion derived from the new action S
(0)
dual + S
(KK)
lead to configurations satisfying self-duality conditions. For the zero modes, the equation of
motion derived from the action S
(0)
dual is
∂jFij = 0. (63)
Defining a 3-form field H by
H
(0)
ijk =
1
2
ǫijklmF
lm, (64)
we see that, due to the equation of motion (63), a 2-form potential B(0) exists locally such
that H(0) = dB(0). Since F also satisfies the Jacobi identity dF = 0, we find
∂kH
(0)
ijk = 0. (65)
Note that (64) is identical to the self-duality condition for the zero modes
H
(0)
ijk =
1
2
ǫijklmH
(0)lm5 (66)
by identifying Ai with Bi5. Hence we see that the zero modes of the self-dual gauge field can
be simply described by the Maxwell action S
(0)
dual.
It is natural to non-Abelianize the equation of motion (63) for the zero modes by
[Dj, Fij] = 0 + · · · , (67)
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up to additional covariant terms that vanish when the Lie algebra h is Abelian. In the next
section we will derive the complete equation from an action principle.
For the non-Abelian theory described in Sec. 2.1, we could also have defined H
(0)
ijk simply
as the Hodge dual of Fij , hence it is not necessary to introduce the components H
(0)
ijk which
has the unusual transformation law (31). The transformation of Fij would then imply that
H(0), defined as the Hodge dual of Fij , transforms simply as
δH
(0)
ijk = [H
(0)
ijk ,Λ
(0)
5 ]. (68)
This would also lead us to redefine the transformation laws of matter fields as
δφ = [φ,Λ
(0)
5 ] (69)
for all components of φ.
For the KK modes, the equations of motion derived from varying S(KK) is
ǫijklm∂k
(
H
(KK)
lm5 +
1
6
ǫlmnpqH
(KK)npq
)
= 0. (70)
This implies that
ǫijklm
(
H
(KK)
lm5 +
1
6
ǫlmnpqH
(KK)npq
)
= ǫijklmΦ(KK)lm (71)
for some tensor Φ
(KK)
lm satisfying
ǫijklm∂kΦ
(KK)
lm = 0. (72)
We can redefine B
(KK)
lm by a shift
6
B
(KK)
lm → B
′(KK)
lm ≡ B
(KK)
lm + ∂
−1
5 Φ
(KK)
lm (73)
such that, due to (72),
H
(KK)
lm5 → H
′(KK)
lm5 ≡ H
(KK)
lm5 + Φ
(KK)
lm , (74)
ǫlmnpqH(KK)npq → ǫ
lmnpqH
′(KK)
npq ≡ ǫ
lmnpq(H(KK)npq + 3∂nΦ
(KK)
pq ) = ǫ
lmnpqH(KK)npq . (75)
As a result, (71) is turned into the self-duality condition
H
(KK)
lm5 = −
1
6
ǫlmnpqH
(KK)npq. (76)
Let us define the non-Abelian counterpart of (70) as
ǫijklm
[
Dk,
(
H
(KK)
lm5 +
1
6
ǫlmnpqH
(KK)npq
)]
= 0. (77)
6 As (72) implies that Φ
(KK)
lm
= ∂lΦ
(KK)
m − ∂mΦ
(KK)
l
for some vector field Φ
(KK)
l
, in the Abelian theory the
effect of shifting B
(KK)
lm
is equivalent to the shift of B
(KK)
l5 in the gauge symmetry (58), up to the usual gauge
transformation (52).
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This implies that
ǫijklm
(
H
(KK)
lm5 +
1
6
ǫlmnpqH
(KK)npq
)
= ǫijklmΦ
(KK)
lm , (78)
where Φ
(KK)
lm satisfies
ǫijklm[Dk,Φ
(KK)
lm ] = 0. (79)
This again can be absorbed into a shift of B
(KK)
lm
B
(KK)
lm → B
′(KK)
lm ≡ B
(KK)
lm + ∂
−1
5 Φ
(KK)
lm , (80)
so that the self-duality condition (76) is arrived.
The transformation (80) should also be viewed as a gauge transformation of the theory.
The gauge transformation parameter Φ
(KK)
lm has to transform covariantly under the transfor-
mation defined in Sec. 2.1 as 7
δΦ
(KK)
lm = [Φ
(KK)
lm ,Λ
(0)
5 ], (81)
because the constraint (79) is covariant. It can then be checked that (80) commutes with
the gauge transformation (9, 10) defined in Sec. 2.1. Our task in the next section is to give
an action that would lead to the non-Abelian equations of motion (67) and (77).
4 Action
Let us consider the following action for the non-Abelian chiral 2-form potential
S = S(0) + S(KK), (82)
where
S(0) =
2πR
4
TM5T
−2
M2
∫
d5x Tr(FijF
ij), (83)
S(KK) =
1
4
TM5T
−2
M2
∫
d6x Tr
(
1
6
ǫijklmH
(KK)
ijk
[
H
(KK)
lm5 +
1
6
ǫlmnpqH
(KK)npq
])
. (84)
This invariant action is a straightforward generalization of the action (61) and (62) for the
Abelian theory.
For small R, the M5-branes should be approximated by D4-branes in type IIA theory, so
S(0) should be identified the Yang-Mills theory for multiple D4-branes
S(0) =
1
4
TD4T
−2
s
∫
d5x Tr(fijf
ij), (85)
where the field strength fij for multiple D4-branes is
fij ≡ [∂i + Ai, ∂j + Aj] = ∂iAj − ∂jAi + [Ai, Aj ]. (86)
7 The meaning of the transformation of a gauge transformation parameter is this: Φ should be viewed as a
function depending on the gauge potential B
(0)
i5 as well as some free parameters corresponding to integration
constants when we solve the constraint (79). The transformation of B
(0)
i5 induces a transformation of Φ.
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It is known that the gauge potential A in D4-brane theory is related to the gauge potential
B in M5-brane theory via the relation
Ai = 2πRB
(0)
i5 . (87)
Plugging in the values of the parameters involved,
TM5 =
1
2π
T 2M2, TD4 =
1
(2π)4gsℓ5s
, Ts =
1
2πℓ2s
, R = gsℓs, (88)
we find that the coupling constant should be given by
g = 2πR. (89)
This factor can also be obtained by demanding that the soliton solutions which resemble
instantons in the spatial 4 dimensions have momentum equal to n/R for some integer n in
the x5 direction.
Notice that the overall factor of 2πR due to the integration over x5 in (83) is multiplied
by a factor of 1/g2 for g is the Yang-Mills coupling for the zero mode field strength Fij ,
giving an overall factor of 1/R in (85), in agreement with the requirement of conformal
symmetry in 6 dimensions. Witten’s argument [17] mentioned in the introduction around
(5) and (6) that M5-brane action does not exist is resolved by allowing the coupling of a
6 dimensional theory to depend on the compactification radius R. Normally the coupling
constant of an interacting field theory is independent of whether the space is compactified.
Our strategy is to define a 6 dimensional field theory as the decompactification limit of a
compactified theory, and the coupling depends on the compactification radius. In some sense,
the coupling constant g is not really the coupling of the decompactified theory, which is a
conformal field theory without free parameter. Witten’s argument should be understood as
the non-existence of another formulation of the 6 dimensional theory which does not refer
to the compactification radius. In other words, our model may be as good as it gets if we
want to describe multiple M5-branes with an action.
Assuming that we will be able to show in future works that a well defined theory does
exist in uncompactified 6 dimensional spacetime as the decompactification limit of our model,
one would still wonder how such a theory can be fully Lorentz invariant, while its definition
involves the choice of a special direction. We will discuss more on this point in the next
section.
The variation of S(0) leads to Yang-Mills equations, which can be interpreted as the self-
dual equation for the zero modes. The full equation of motion for the zero modes B
(0)
i5 should
also include variations of S(KK), which modifies the Yang-Mills equation by commutators that
vanish in the Abelian case.
Contrary to the proposal of [18, 19], we have an explicit appearance of the KK modes
through the action S(KK) (84). A useful feature of S(KK) is that it depends on B
(KK)
i5 and Bij
only through Bˆ
(KK)
ij . Therefore, although S
(KK) depends on both B
(KK)
i5 and B
(KK)
ij (unlike the
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Abelian case where the action is independent of Bi5), we only need to consider the variation
of Bˆ
(KK)
ij . Variation of the action S
(KK) with respect to Bˆ
(KK)
ij leads to the equation of motion
(77), which is equivalent to the self-duality condition (76) via a shift in B
(KK)
lm , as we explained
in the previous section. Explicitly, the equations of motion are
[Dj, Fij] =
1
2
∫ 2piR
0
dx5
[
Bˆjk,
(
H(KK)ijk − 1
4
ǫijklmH
(KK)
lm5
)]
, (90)
ǫijklm
[
Dk,
(
H
(KK)
lm5 +
1
6
ǫlmnpqH
(KK)npq
)]
= 0. (91)
5 Discussions
5.1 R→∞
The reader may find it strange that in the gauge transformation laws (14) and (16) we
have avoided commutators involving two KK modes, e.g. terms of the form [B(KK),Λ(KK)].
Correspondingly, there is no term of the form [B(KK), B(KK)] in the equations of motion. All
gauge interactions are mediated via zero modes. Here is our interpretation. In the limit
R→∞, the Fourier expansion of a field approaches to the Fourier transform
Φ(x5) =
∑
n
Φne
inx5/R −→ Φ(x5) =
∫
dk5
2π
Φ˜(k5)e
ik5x5 . (92)
The coefficients Φn approach to Φ˜(k5) as
Φ˜(k5) = 2πRΦn (k5 = n/R). (93)
According to this expression, the value of a specific Fourier mode Φn must approach to zero
in the limit R → ∞. In particular, the amplitude of the zero mode approaches to zero.
While all interactions are mediated via the zero mode, this does not imply that there is no
interaction in the infinite R limit, because the coupling g = 2πR→∞. The product of the
amplitude of the zero mode with the coupling is actually kept finite in the limit.
In the limit R→∞, the KK modes B
(KK)
µν should be identified with the 2-form potential
in uncompactified 6 dimensional spacetime. In uncompactified space, the constant part of
Bµν is not an observable, hence physically the KK modes B
(KK)
µν do not miss any physical
information a 2-form potential can carry. The zero modes B
(0)
µν approach to zero but a new
field Ai replacing 2πRB
(0)
i5 survives the large R limit. The field Ai can not be viewed as
part of the 2-form potential, in the sense that, due to the infinite scaling of B
(0)
i5 by R,
it can not be combined with B
(KK)
µν in a Lorentz covariant way to form a new tensor in 6
dimensions. Rather it should be understood as the 1-form needed to define gerbes (or some
similar geometrical structure) together with the 2-form potential. However this does not
increase the physical degrees of freedom of the 6 dimensional theory in the sense that the
number of physical degrees of freedom in the 5 dimensional field Ai is negligible compared
with that of a 6 dimensional field.
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The fact that gauge transformation laws do not have terms of the form [B(KK),Λ(KK)],
and the fact that the equations of motion do not have terms of the form [B(KK), B(KK)], are
both telling us that our model is linearized with respect to the 2-form potential. No self-
interaction of the 2-form potential is present, and all interactions are mediated by the 1-form
potential Ai.
As the decompactification limit R →∞ is also the strong coupling limit g → ∞, we do
not expect the classical equations of motion (90)–(91) to give a good approximation of the
quantum theory. We leave the problem of finding the decompactification limit of our theory
for future study.
5.2 Momentum and Instanton
The interpretation above allows us to understand some puzzles about the proposal of [18, 19]
that the 5 dimensional D4-brane theory is already sufficient to describe the 6 dimensional M5-
brane system even for finite R. In their proposal, the momentum p5 in the 5-th (compactified)
direction is represented by the “instanton” number on the 4 spatial dimensions. The first
problem with this interpretaion is that, in the phase when U(N) symmetry is broken to
U(1)N , there is no instanton solution. But physically this corresponds to having M5-brane
well separated from each other, and they should still be allowed to have nonzero p5. This
problem does not exist in our model. In our model p5 is carried by the KK modes when the
Lie algebra of the gauge symmetry is Abelian. Furthermore, the Abelian case of our model
is already known to be equivalent to a 6 dimensional theory which has the full Lorentz
symmetry in the large R limit.
The second problem of the proposal in [18, 19] is that the instanton number only gives
the total value of p5 of a state, but it is unclear how to specify the distribution of p5 over
different physical degrees of freedom. For example, the state with m units of p5 contributed
from the scalar field X1 and n units of p5 from X
2 cannot be distinguished from the state
with the numbers m and n switched. On the other hand, in our model, the instanton number
of the 1-form
Ai ≡ RB
(0)
i5 (94)
should only be interpreted as the value of p5 of the field Ai. (In other words, the so-called
“zero-modes” B
(0)
i5 can still carry nonzero p5. The 5-th momentum of the 2-form potential is
manifest as the KK mode index.) The scalar fields XI and the fermions Ψ, when they are
introduced into our model, would have their own KK modes to specify their p5 contribution.
There is no ambiguity in the momentum carrier for a given instanton number.
The reader may wonder whether it is redundant or over-counting for Ai to be able to
carry nontrivial p5. After all, Ai is just B
(0)
i5 rescaled. Has not the KK modes B
(KK)
i5 already
taken care of the contribution of Bi5 to p5? How can a field carry momentum in the x
5-
direction if it has no fluctuation (e.g. propagating wave) in that direction? The answer is
simple. It is well known in classical electrocmagnetism that the simultaneous presence of
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constant electric and magnetic fields carry momentum, because the momentum density pi is
proportional to F 0jFij. In the temporal gauge A0 = 0, the conjugate momentum of Aj is
Πj ≡ ∂0A
j , and the momentum density pi is proportional to
F 0jFij = Π
j(∂iAj)− Π
j(∂jAi). (95)
The first term is the standard contribution of a field to momentum pi. We also have
(∂0φ)(∂iφ) for a scalar field φ. But there is no analogue of the 2nd term for a scalar field. It
is possible for the 2nd term to be present because Ai has a Lorentz index. The zero mode
of Ai in the x
i direction can also contribute to pi through this term. Similarly, for a 3-form
field strength H , the momentum density of p5 is proportional to H0abH
ab5 (a, b = 1, 2, 3, 4),
which includes the zero mode contribution
H
(0)
0abF
ab =
1
6
ǫ0abcd5F
abF cd (96)
because H
(0)
ab5 = Fab. This is precisely the same expression as the instanton number density.
Note that there are also contributions to p5 from the KK modes H
(KK)
0ab H
(KK)ab5 in addition
to the zero mode contribution, analogous to the first term in (95).
5.3 Generalization to 3-form Gauge Potential
In non-Abelianizing the gauge transformations of a 2-form potential, the zero mode Λ
(0)
5
plays a special role. We associate the special role played by Λ
(0)
5 to its topological nature:
while Λ
(KK)
5 can be “gauged away”, the zero mode Λ
(0)
5 corresponds to the Wilson line degree
of freedom for the gauge transformation parameter Λ along the circle in the x5 direction. In
this section we generalize this association to construct non-Abelian gauge transformations
for a 3-form potential.
First we study the Abelian gauge theory for a 3-form potential on the spacetime of
R
d × T 2. Let the torus T 2 extend in the directions of x1 and x2. We can decompose a field
Φ as
Φ = Φ(0) + Φ(KK), (97)
where the zero mode Φ(0) has no dependence on T 2
∂aΦ
(0) = 0, (98)
and the KK mode Φ(KK) can be obtained from Φ as
Φ(KK) = −1Φ, (99)
where
 ≡ ∂a∂a (a = 1, 2). (100)
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The Abelian gauge transformations of a 3-form potential B are given by
δBi12 = ∂iΛ12 − ∂1Λi2 + ∂2Λi1, (101)
δBija = ∂iΛja − ∂jΛia + ∂aΛij, (102)
δBijk = ∂iΛjk + ∂jΛki + ∂kΛij , (103)
where a = 1, 2 and i, j, k = 0, 3, 4, · · · , (d + 1). There is redundancy in the gauge transfor-
mation parameters Λia,Λij so that the gauge transformation laws are invariant under the
transformation
δΛ12 = ∂1λ2 − ∂2λ1, (104)
δΛia = ∂iλa − ∂aλi, (105)
δΛij = ∂iλj − ∂jλi. (106)
Apparently there is also a redundancy in using λ to parametrize the redundancy in Λ. There
are (d+2) components in λ, but only (d+1) of them are independent. Using the redundancy
of Λ, we can “gauge away” (d+1) of the gauge transformation parameters. For instance, we
can set
ρi ≡ ∂
aΛia = 0, Λ12 = 0, (107)
and use the following gauge transformation parameters
ξi ≡ ǫ
ab∂aΛib, Λij, (108)
so that
Λ
(KK)
ia = −ǫ
ab

−1∂bξi, (109)
and the gauge transformation laws become
δBi12 = −ξi, (110)
δBija = −ǫ
ab

−1∂b(∂iξj − ∂jξi) + ∂aΛij , (111)
δBijk = ∂iΛjk + ∂jΛki + ∂kΛij. (112)
Viewing Λia as d copies of 1-form potentials on T
2, the ξi’s are the corresponding field
strengths, and so their integrals over T 2 are quantized. It implies that ξ
(0)
i is quantized, and
so we have to set
ξ
(0)
i = 0 (113)
when we use ξi as infinitesimal gauge transformation parameters. In the following, we have
ξi = ξ
(KK)
i .
To retrieve from (110)–(112) the original gauge transformation laws with redundancy,
one can simply carry out the replacement
ξi → ξi − ∂iΛ12, (114)
Λij → Λij +
−1(∂iρj − ∂jρi). (115)
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On the torus T 2, the gauge transformation parameter Λ
(0)
12 corresponds to a Wilson surface
degree of freedom for the 2-form Λ. It should play the same role as Λ
(0)
5 in (9, 10). To
construct a consistent non-Abelian gauge transformation algebra for the 3-form potential,
we only need to consider transformation laws for the parameters ξ
(KK)
i , Λij and Λ
(0)
12 . In the
end we get the full gauge transformation laws through the replacement
ξ
(KK)
i → ξ
(KK)
i − [Di,Λ
(KK)
12 ], (116)
Λ
(KK)
ij → Λ
(KK)
ij +
−1([Di, ρ
(KK)
j ]− [Dj , ρ
(KK)
i ]), (117)
where the covariant derivative Di should be defined as
Di = ∂i +B
(0)
i12, (118)
and
ξ
(KK)
i ≡ ǫ
ab∂aΛ
(KK)
ib , ρ
(KK)
i ≡ ∂
aΛ
(KK)
ia . (119)
Here we have scaled Bi12 to absorb the coupling constant g, which is expected to be given
by the area (2π)2R1R2 of the torus.
We define the non-Abelian gauge transformations as
δBi12 = [Di,Λ
(0)
12 ]− ξi + [B
(KK)
i12 ,Λ
(0)
12 ], (120)
δBija = −ǫ
ab

−1∂b ([Di, ξj]− [Dj, ξi]) + ∂aΛij
+[Di,Λ
(0)
ja ]− [Dj,Λ
(0)
ia ] + [Bija.Λ
(0)
12 ], (121)
δBijk = [Di,Λjk] + [Dj ,Λki] + [Dk,Λij] + [Bijk,Λ
(0)
12 ]. (122)
The algebra of gauge transformations is closed
[δ, δ′] = δ′′, (123)
with the parameters of δ′′ given by
Λ
(0)
12
′′ = [Λ
(0)
12 ,Λ
(0)
12
′], (124)
ξ′′i = [ξi,Λ
(0)
12
′]− [ξ′i,Λ
(0)
12 ], (125)
Λ′′ij = [Λij,Λ
(0)
12
′]− [Λ′ij ,Λ
(0)
12 ]. (126)
The field strengths should be defined as
H
(0)
ij12 = [Di, Dj], (127)
H
(KK)
ij12 = [Di, B
(KK)
j12 ]− [Dj, B
(KK)
i12 ] + ∂4B
(KK)
ij5 − ∂5B
(KK)
ij4 , (128)
Hijka = [Di, Bjka] + [Dj, Bkia] + [Dk, Bija]− ∂aBijk
−ǫab−1∂b
(
[Fij , B
(KK)
k12 ] + [Fjk, B
(KK)
i12 ] + [Fki, B
(KK)
j12 ]
)
, (129)
Hijkl =
∑
(4)
[Di, Bjkl]−
∑
(6)
[Fij, βkl], (130)
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where
βij ≡ 
−1∂aBija, (131)
so that all the field strength components transform as
δHij12 = [Hij12,Λ
(0)
12 ], (132)
δHijka = [Hijka,Λ
(0)
12 ] +
∑
(3)
[Fij ,Λ
(0)
ka ], (133)
δHijkl = [Hijkl,Λ
(0)
12 ] +
∑
(6)
[Fij ,Λ
(0)
kl ]. (134)
It may be possible to define a non-Abelian self-dual gauge theory for a 3-form potential in 8
dimensional Euclidean space. We leave the problem for future study.
Apparently, the same idea can be used to define a non-Abelian gauge symmetry for p-form
potentials on Rd × T p−1.
5.4 Summary and Outlook
In this paper, we found a consistent, closed algebra of non-Abelian gauge transformations for
the 2-form potential with 1-form gauge transformation parameters in 6 dimensions. There is a
gauge symmetry in the gauge transformations parametrized by a 0-form. The transformation
law is nonlocal in the direction which is compactified to a circle.
We also found an action which passes the two major tests for it to be relevant to the
M5-brane theory: It is equivalent to a Lorentz-invariant chiral 2-form theory in 6 dimensions
in the Abelian phase, and it is equivalent to a Yang-Mills theory in 5 dimensions in the limit
R→ 0.
There are several additional tests this model has to pass in order to prove that it is the
correct theory for multiple M5-branes:
1. In some sense there is a well defined limit R → ∞ in which the theory describes
multiple M5-branes in uncompactified spacetime.
2. 6 dimensional Lorentz symmetry in the limit R→∞.
3. The existence of a supersymmetric extension of the theory.
In the above we have given persuasive arguments on these issues, but we leave the full
answers to these questions for future investigation.
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